ABSTRACT. Consider a complete discrete valuation ring O with quotient field F and finite residue field. Then the inclusion map O ↪ F induces a mapK M * O →K M * F on improved Milnor K-theory. We show that this map is an isomorphism in degrees bigger or equal to 3. This implies the Gersten conjecture for improved Milnor K-theory for O. This result is new in the p-adic case.
where V n is the subgroup of K M n F generated by {u 1 , . . . , u n } u 1 , . . ., u n ∈ O × .
As a consequence, we have an exact sequencê
where∂ is induced by ∂ and the natural isomorphism of Proposition 2.3 (v).
Proof. For the exactness of the first sequence look at [GS06, Prop. 1.7.1]. The exactness of the second sequence is shown by a diagram chase in the commutative diagram Let O be a discrete valuation ring with quotient field F and finite residue field κ. Then for all n ≥ 0 there is an exact sequence
Furthermore, K 2n κ = 0 for n ≥ 1 [Qu72] .
In particular, by using Proposition 2.3 (iv), there is a short exact sequence 0 →K (1)
The goal is to generalise the sequence (1) to arbitrary n ≥ 2. We want to know if for any discrete valuation ring O and all n ≥ 2 the sequences
are exact? For algebraic K-theory, GERSTEN conjectured that the analogous sequences to (2) are exact for all n ≥ 2 [Ge73] . Thus we refer to this question as the Gersten conjecture for improved Milnor K-theory. In the case that O is complete and κ is finite this will be an immediate consequence of our main result which relies on an analogous statement by NESTERENKO and SUSLIN for local rings with infinite residue field and classical Milnor K-theory [NS90, Thm. 4.1]. A proof based on their result will be presented in the appendix. 
DIVISIBILITY OFK
In this section we prove thatK M n O is divisible for a complete discrete valuation ring O with finite residue field and n ≥ 3. This result will be the key
Note that y = 1 in κ implies y ∈ U 1 . Tensoring the diagram (3) with Z m we obtain the following commutative diagram with exact lines
It is easy to check that (T * A) m ≅ T * (A m) for an arbitrary abelian group A; along with O × m ≅ κ × m we see that β is an isomorphism. Now let's show that α is surjective. Therefore let n ∈ N andx 1 ⊗ . . . ⊗x n ∈ StR n κ × . Without loss of generality we can assume thatx 1 +x 2 =1, i.e. x 1 +x 2 =∶ u ∈ U 1 , hence
Applying the five lemma to (4) demonstrates that γ is an isomorphism. This concludes the proof.
Corollary 3.3. Let O be a complete discrete valuation ring with quotient field F and finite residue field κ of characteristic p. Then for n ≥ 2 the groups
Next we want to understand multiplication by p on Milnor K-theory. For that we need the following results. Here we use tacitly the fact thatK
Proof. This is done in [Mi71] , (i) To treat a special case in our proof below, we need a norm map for a nonétale extension which is not covered literally by KERZ' work. However, everything needed is basically already contained in [Ke09] . Proof. This will be done in the appendix, see C.1. Then the norm map
is surjective.
With this we can prove the missing p-divisibility.
Theorem 3.7. Let O be a complete discrete valuation ring with quotient field F, finite residue field κ of characteristic p, and n ≥ 3. ThenK 
we see that the lower map is also surjective and hence its target is divisi- 
According to Proposition 2.8 we have an exact sequence
Tensoring with Z p leads to an exact sequence
is a finite cyclic group with order prime to p. By Proposition 3.4, we get accordingly
If this is zero, we are done. Thus we consider only the other case.
Now we suppose for a while that −1 has a p-th root
In fact, this is always the case for p ≠ 2 or if F is a finite extension of F 2 ((t)). Let {u, v, w} ∈ K M 3 O and let squared brackets denote residue classes modulo p.
If, in contrast, −1 does not have a p-th root in F, we have p = 2 and F is a finite extension of Q 2 . Thus O is a local and factorial domain. We consider the finite field extension
. This allows us to apply Proposition 3.5. Due to finiteness, F ′ is also complete. The norm map
is surjective due to Proposition 3.6 and induces a surjective mapÑ
By the previous argument, the domain of this map is zero, hence its target, too. This concludes the proof.
THE ISOMORPHISMK
Our last ingredient is the following result by SIVITSKII:
. Let O be a complete discrete valuation ring with quotient field F and finite residue field, and let n ≥ 3. Then K M n F is an uncountable, uniquely divisible group.
The uncountability was found by BASS and TATE [BT73] and divisibility was shown by MILNOR [Mi70, Ex. 1.7]. The torsion-freeness was originally proved by SIVITSKII [Si86] with explicit calculations; there is also a more structural proof using the Norm Residue Theorem which was formerly known as the Bloch-Kato conjecture and which was proved by ROST and VOEVOD-SKY, for a proof consider [We10, VI. Prop. 7.1]. Now we are able to prove our main result. Theorem 4.2. Let O be a complete discrete valuation ring with quotient field F and finite residue field, and let n ≥ 3. Then the inclusion ι ∶ O ↪ F induces an isomorphism
Proof. Surjectivity. Let κ be the residue field of O. According to Proposition 2.7 we have an exact sequencê
Because κ is a finite field and n − 1 ≥ 2, we see thatK
where K n (ι) is injective due to Proposition 2.8.
Since K n (ι) is injective, we also have ker(ι * ) ⊆ ker(Φ MQ (O)) by diagram chasing and the latter one is clearly a subset of ker(χ n ). We conclude that α = χ n β = 0. So ι * is injective, hence an isomorphism.
Remark. In fact, one could simplify this proof using only 2-divisibility for K M 3 O. With that one could proof the theorem first for n = 3 and gets entire divisibility ofK M 3 O for free by Theorem 4.1. Then, one could do the proof for higher n. In characteristic p ≠ 2, this would spare the proof of Theorem 3.7.
Immediately from Theorem 4.1 (respectively its proof) we obtain the following.
Corollary 4.3. Let O be a complete discrete valuation ring with finite residue field. Then:
Furthermore, we are now able to generalise the exact sequence (1).
Corollary 4.4. Let O be a complete discrete valuation ring with quotient field F and finite residue field κ. Then we have for each n ≥ 1 an exact sequence
APPENDIX A. THE RING OF RATIONAL FUNCTIONS
The ring of rational functions plays a crucial role for the definition of improved Milnor K-theory. This section's content relies on KERZ's paper [Ke10] and elaborates some of the proofs. We start by recalling Definition 2.2 from above.
Definition A.1. Let A be a commutative ring and n ∈ N. The subset We obtain maps ι∶ A → A(t) and ι 1 , ι 2 ∶ A(t) → A(t 1 , t 2 ) by mapping t respectively to t 1 or t 2 .
Remark. For a field F and n ≥ 1 we have F(t 1 , . . ., t n ) = Frac (F[t 1 
hence A(t 1 , . . ., t n ) = B n is local with maximal ideal nB n . Its residue field is 
is a unit. The rest is omitted.
Proposition A.5. Let A ↪ B be a flat, local (i.e. the maximal ideal of A generates the maximal ideal of B), and integral extension of local rings, and n ≥ 1.
Then the canonical homomorphism
is an isomorphism. In particular, the induced homomorphism A(t 1 , . . ., t n ) → B(t 1 , . . ., t n ) is an extension of local rings with infinite residue fields.
Proof. For convenience, we write "t" for "t 1 , . . ., t n ". Let m ⊲ A and n ⊲ B the maximal ideals, hence n = mB. We set m t ∶= 
we see that
B is a flat A-module. Thus the commutative diagram
t t t t t t t t B ⊗ A B(t)
tells us that ϕ is injective.
Surjectivity. The base change A(t) ↪ B ⊗ A A(t) is an integral extension. By Lemma A.3, B ⊗ A A(t) is a local ring with maximal ideal m t (B ⊗ A A(t)).

Furthermore, we have a commutative diagram
Hence surjectivity for ϕ is equivalent to surjectivity for ϕ ′ . Consider the homomorphism 
and the uniqueness for lifts to the localisation show ϕ
APPENDIX B. MILNOR K-THEORY AND ALGEBRAIC K-THEORY
This section is dedicated to KERZ's Theorem 2.9 which we restate at this place again. 
is multiplication with χ n ∶= (−1) n−1 ⋅ (n − 1)!.
As there are few details given in [Ke10] , we present more of them in this section. The statement relies on an analogous statement by NESTERENKO and SUSLIN for local rings with infinite residue field and classical Milnor K-theory.
For any commutative ring A there exists a graded-commutative product map 
In the case of a local ring with an infinite residue field, there is also a map in the other direction. 
is multiplication with χ n = (−1)
We say a few words on the construction of the map Φ
Thm. 3.25] there are natural isomorphisms
for a local ring A with infinite residue field. So a homomorphism Φ
can be defined as the composition of homomorphisms such that the following diagram commutes.
For passing from the case of local rings with infinite residue fields to the case of arbitrary local rings, we consider the construction of improved Milnor Ktheory in a more general setting. Given a functor E from rings to abelian groups, we can associate to it an improved functorÊ given bŷ
where A(t) and A(t 1 , t 2 ) are rings of rational functions and δ is the map E(ι 1 ) − E(ι 2 ) (cf. Definition A.1). This construction is essentially due to GAB-BER [Ga98] and was investigated by KERZ [Ke10] . The latter one proved 
where v runs over all discrete valuations of F(t) over F and κ(v) is the residue field of v.
We give a brief sketch of the construction of the norm map. For a detailed exposition we refer the reader to [GS06, § 7 .3].
For a finite field extension
⟨π⟩ where π is monic and irreducible, the norm map is defined via the split exact Bass-Tate sequence
where the sum is over all monic irreducible P ∈ F[X ] and ⊕∂P is the welldefined sum of the tame symbols ∂ P (with respect to the discrete valuation which is associated to the prime element P, see Theorem 2.6). Taking coproducts over all values of n, we obtain an exact sequence of K M * Fmodules. Let ∂ ∞ be the tame symbol corresponding to the negative degree valuation on F(X ). Its residue field is isomorphic to F. The composition
F vanishes since all elements in F have degree zero. By the universal property of the cokernel, we obtain a map N as indicated in the diagram (where all the maps have degree zero).
By precomposing N with the inclusion of the factor K * −1 (F[X ] ⟨π⟩), we get
of the extension F ′ F. All the maps in diagram (10) are (graded) K M * F-linear. This is clear for the map ι * which is induced by the inclusion ι∶ F → F(X ). With the explicit description of the tame symbol (see Theorem 2.6) we deduce linearity for the ∂ {x 1 , . . ., x k } ⋅ {π, u 2 , . . ., u n } = ∂ {x 1 , . . ., x k , π, u 2 , . . ., u n } (11)
The sign appears for ∂ having degree −1. Hence ∂ ∞ and also the direct sum ⊕∂P in (10) are K M * F-linear. Thus this also holds for the induced map N and (since the inclusion of a factor is also linear) as well for the norm map N F ′ F .
For an arbitrary finite field extension F(α 1 , . . ., α n ) F, we define the norm map via a decomposition
This construction is due to BASS and TATE [BT73, §5] . Its independence of the generating family (α 1 , . . ., α n ) was proven by KATO [Ka80] .
KERZ extended this to the realm of finite étale extensions of semi-local rings with infinite residue fields [Ke09] . For improved Milnor K-theory, he also showed the existence of norm maps for finite étale extensions of arbitrary local rings by reducing to the case of infinite residue fields and classical Milnor K-theory [Ke10] .
As a matter of fact, finite étale extensions A ↪ B of local rings are precisely those of the form B ≅ A[t] ⟨π⟩ with π monic irreducible and Disc(π) ∈ A × . Our aim is to drop the condition with the discriminant. This is possible by restricting to factorial domains so that we can use a Bass-Tate-like sequence by KERZ. This is basically KERZ' work though not stated literally by himself. 
